Abstract. In this paper, we introduce and study a new class of analytic and multivalent (p-valent) functions involving higherorder derivatives. For this multivalent function class, we derive several interesting properties including coefficient inequalities, distortion theorems and extreme points. Several applications involving an integral operator are also considered. Finally, we obtain some results for the modified Hadamard product of functions belonging to the multivalent function class introduced in this paper. Relevant connections of the results presented in this paper with those in a number of other related works on this subject are also pointed out.
INTRODUCTION AND DEFINITIONS
Let A (p) denote the class of functions of the form:
a n+p z n+p (p ∈ N = {1, 2, 3, · · · }), (1.1) which are analytic and p-valent in the open unit disk given by E = {z : z ∈ C and |z| < 1} .
In particular, we write A (1) = A .
Furthermore, by S ⊂ A , we denote the class of all functions which are univalent in E.
The familiar class of p-valently starlike functions in E will be denoted by S * (p) which consists of functions f ∈ A (p) that satisfy the following condition:
It is easily seen that S * (1) = S * , where S * is the well-known class of starlike functions in E.
The class of p-valently convex functions in the open unit disk E will be denoted by C (p) which consists of functions f ∈ A (p) that satisfy the following inequality:
We observe that
where C is the well-known class of convex functions in E.
Next, for a function f ∈ A (p) given by (1.1) and another function g ∈ A (p) given by
the Hadamard product (or convolution) of f and g is given by
a n+p b n+p z n+p = (g * f ) (z).
Moreover, the subclass of A consisting of all analytic functions which have a positive real part in E is denoted by P. An analytic description of a function h(z) in the class P is given by
Recently, Kanas and Wiśniowska (see [3] and [4] ) defined the conic domain Ω k (k 0) as follows (see also [2] ):
and, subjected to this conic domain, they also introduced and studied the corresponding classes k-S T and k-U C V of k-uniformly starlike functions and k-uniformly convex functions (see Definition 1.1 and Definition 1.2 below). We note that, for fixed k, Ω k represents the conic region bounded successively by the imaginary axis (k = 0), by a parabola (k = 1), by the right branch of a hyperbola (0 < k < 1), and by an ellipse (k > 1). For these conic regions, the following functions play the role of extremal functions
where
and κ ∈ (0, 1) is chosen such that
Here K(κ) is Legendre's complete elliptic integral of the first kind and
The classes k-S T and k-U C V are defined as follows (see, for details, [2, 3, 4, 11, 13, 19] ). Definition 1.1. A function f ∈ A is said to be in the class k-S T if and only if
is said to be in the class U S T (p, α, β ) of p-valent β -uniformly starlike functions of order α if and only if
is said to be in the class U C V (p, α, β ) of p-valent β -uniformly convex functions of order α if and only if
The above-defined function classes U S T (p, α, β ) and U C V (p, α, β ) were introduced recently by Khairnar and More [5] . Various analogous classes of analytic and multivalent functions were defined and studied by many other authors (see, for example, [1, 6, 7, 9] ).
We notice from inequalities (1.4) and (1.5) that
, it is easily seen upon differentiating both sides of (1.1) q times with respect to z that
where, and in what follows, δ (p, q) denotes the q permutations of p objects (p q 0) , that is,
which may also be identified with the notation {p} q for the descending factorial. In recent years, several interesting subclasses of analytic functions were introduced and investigated from different viewpoints (see, for example, [2, 10, 14, 15, 16, 20, 21] ). Motivated and inspired by these recent as well as the ongoing researches and by the above-mentioned works, we here introduce and investigate a new subclass of analytic and p-valent functions as follows.
We also denote by T (p) the subclass of A (p) consisting of functions of the following form:
Further, we define the class U M m (p, q, α, k, ξ , β ) as follows:
Remark 1.1. If, in Definition 1.5, we put ξ = 0 = β , we are led to the well-known function class U M m (p, q, α, k), which was introduced and studied recently by Srivastava et al. [17] .
In this paper, we obtain several properties (including the coefficient inequalities, distortion theorems and extreme points) of the general class U M m (p, q, α, k, ξ , β ) . We also consider some applications involving an integral operator. Finally, we obtain some results for the modified Hadamard product of functions in the class U M m (p, q, α, k, ξ , β ) .
COEFFICIENT ESTIMATES
Unless otherwise mentioned, we assume throughout this paper that
and
Our first result (Theorem 2.1 below) provides the coefficient inequalities for functions in the class U S m (p, q, α, k, ξ , β ).
3)
where χ and Λ are given by (2.1) and (2.2) , respectively.
Proof. It is easy to show that
The condition (2.4) implies (2.3) asserted by Theorem 2.1.
Theorem 2.2.
A necessary and sufficient condition for a function f of the form (1.8) to be in the class
Proof. In view of Theorem 2.1, we need only to prove the necessity part of Theorem 2.
and z is a real number, then
where H (p, q, α, k, ξ , β ) is given by (1.7). Now, after some straightforward simplification and upon letting z → 1− along the real axis, we get the desired result as asserted by Theorem 2.2.
Remark 2.1. In its special case when ξ = 0 = β , Theorem 2.2 would yield the following known result due to Srivastava et al. [17] .
Corollary 2.1. (see [17] ) A necessary and sufficient condition for a function f of the form (1.8) to be in the class U M m (p, q, α, k) is that
DISTORTION THEOREMS
Theorem 3.1. Let f defined by (1.8) be in the class U M m (p, q, α, k, ξ , β ) . Then, for |z| = r < 1, it is asserted that
2)
where χ and Λ are given by (2.1) and (2.2) , respectively. The equalities in (3.1) and (3.2) are attained for f given by
at z = r and z = re i(2s+1)π (s ∈ Z) .
Proof. For n p + 1, we have
Now, using the hypothesis of Theorem 2.2, we find that
.
By making use of the form (1.8) of f , the proof of Theorem 3.1 is completed. 
5)
where χ and Λ are given by (2.1) and (2.2) , respectively. The result is sharp for the function f (z) given by (3.3) .
Proof. By using similar techniques as in our demonstration of Theorem 3.1, we have
, which leads to the completion of the proof of Theorem 3.2.
Remark 3.1. First, if we put ξ = 0 = β in Theorem 3.1 and Theorem 3.2 above, we obtain the results which are precisely the same to those proved earlier by Srivastava et al. [17] . Second, by putting ξ = k = β = 0, we find those results which were obtained by Liu and Liu [8] . 
CONVEX LINEAR COMBINATIONS

If the functions f
are in the class U M m (p, q, α, k, ξ , β ) for every ν = 1, · · · , l, then the function f (z) given by
is also in the class U M m (p, q, α, k, ξ , β ) .
Proof. From Theorem 2.2, we can find the desired conclusion easily. Also, for n p + 1, suppose that
Then the function f (z) is in the class U M m (p, q, α, k, ξ , β ) if and only if it can be expressed in the following form:
where µ n 0 (n p) and
and χ and Λ are given by (2.1) and (2.2) , respectively.
Proof. From Theorem 2.2, we can obtain the sufficiency part of Theorem 4.2 easily. For the necessity part, we can easily see that f can be expressed in the form (4.4) , if we set
for n p + 1 and
Remark 4.1. If we set ξ = 0 = β in Theorem 4.1 and Theorem 4.2, we are led to the results similar to those given by Srivastava et al. [17] .
INTEGRAL OPERATORS
In view of Theorem 2.2, we see that the following function.
e n z n is in the class U M m (p, q, α, k, ξ , β ) as long as 0 < e n < a n for all n p + 1, where a n is the coefficient of corresponding function in the class U M m (p, q, α, k, ξ , β ) . We are thus led to Theorem 5.1 below.
Theorem 5.1. Let the function f defined by (1.8) be in the class U M m (p, q, α, k, ξ , β ) . Also let c be a real number such that c > −p. Then the function F (z) defined by
also belongs to the class U M m (p, q, α, k, ξ , β ).
MODIFIED HADAMARD PRODUCTS
Let the functions f j (z) ( j = 1, 2) be defined by (4.1). Then the modified Hadamard product of f 1 (z) and f 2 (z) is defined, in this section, by
a n,1 a n,2 z n = ( f 2 • f 1 ) (z) .
Theorem 6.1. Let the functions f j (z) ( j = 1, 2) defined by (4.1) be in the class U M m (p, q, α, k, ξ , β ) . Then
1)
and χ and Λ are given by (2.1) and (2.2) , respectively. The result is sharp when
where f (z) is given by
Proof. Employing the technique used earlier by Schlid and Silverman [12] , we need to find the largest η such that
a n,1 a n,2 1.
By using (2.3) for the function in the class U M m (p, q, η, k, ξ , β ) and by applying the familiar Cauchy Schwarz inequality, it is suffices to show that
Now, if we define the function X (n) by 5) we see that X (n) is an increasing function of n (n > p + 1) . This completes the proof of Theorem 6.1.
By using the arguments similar to those used in the proof of Theorem 6.1, we can prove Theorem 6.2 below.
Theorem 6.2. Let the function f 1 (z) defined by (4.1) be in the class U M m (p, q, α, k, ξ , β ). Suppose also that the function f 2 (z) defined by (4.1) is in the class U M m (p, q, φ , k, ξ , β ) . Then
with
and χ is given by (2.1) . The result is sharp for the functions f j (z) ( j = 1, 2) given by
belongs to the class U M m (p, q, τ, k, ξ , β ) , where
The result is sharp when
where f (z) , Λ and χ are given by (6.2) , (2.2) and (2.1) , respectively.
Proof. If we combine the assertion of Theorem 2.2 for both functions f 1 (z) and f 2 (z), we find that Since M (n) given by
is an increasing function of n (n p + 1), we have
This completes the proof of Theorem 6.3.
CONCLUDING REMARKS AND OBSERVATIONS
The main object in this paper is to introduce and study a new class of analytic and p-valent functions involving higher-order derivatives. For this p-valent function class, we have derived such interesting properties as (for example) coefficient inequalities, distortion theorems and extreme points. We have considered several applications involving an integral operator. We have also obtained some results for the modified Hadamard product of functions belonging to the p-valent function class introduced in this paper. We have chosen to point out relevant connections of the results presented in this paper with those in a number of other related works on the subject of our present investigation.
